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The vesicle, one of self-assembling aggregates of lipids in fluid state, is very flexible and thus exhibits a variety of shape transformations [1] . A prominent example is the budding of smaller vesicle [2] , which plays an essential role in the vesicle-mediated transport along endocytic and exocytic pathways. Several attempts have been made to understand the shape transformations in terms of elastic-bending energy concept [1] . In biological membranes, the lipid bilayers are associated with a various kind of macromolecular structures, such as integral proteins, intracellular-side cytoskeletons, and extracellular-side glycocalix [3] . The macromolecular association varies the elastic properties of the membranes over a large range [4] and thus can affect the vesicular shape. Futhermore, the conformational fluctuations of the involved macromolecules may play a key role in the vesicular shape transformations. In particular, the flexible polymers interacting with the membranes have been adopted as tractable model systems to investigate entropic effects on the membrane curvatures [5] [6] [7] [8] .
The evidences for the dramatic vesicular shape changes induced by flexible polymers have been observed in recent experiments. Giant vesicles subject to amphiphilic polymer solutions have been observed to break into "strings of pearls" of large curvature [9] . Simon et al. [10] have also observed that the amphiphilic polymers carrying both long hydrophilic sections and short hydrophobic anchors on membranes undergo expanded-collapsed transition, leading to pronounced budding of thin-walled vesicles. The way how the polymer and membrane interact and drastically affect the conformations one another poses an interesting problem. In this letter, we discuss the problem, focusing on the polymer-induced vesicular budding transition which has been little studied theoretically as yet. The polymer is associated with the membrane via either anchorage or adsorption. Here we will first consider the case of adsorption developing the grand canonical ensemble approach [11] which is flexible enough to be adapted to the case of anchorage. We investigate the role of the chain conformational domains in the adsorbed state, such as loops and surface trains, and their exchanges, for a flexible homopolymer. Considering polymer free energy together with membrane bending energy, we find that the entropy due to many-loop conformation plays the major role in membrane shape deformation leading to budding transitions.
Suppose that a flexible polymer is adsorbed on the area, πa 2 of one side of the planar membrane. Due to asymmetry of lipid bilayer, the membrane attains a spontaneous curvature. For analytical simplicity we assume that the polymer-covered area takes the form of spherical bud specified by a radius R and an angular boundary θ c , as shown in fig. 1 . We further assume that the polymer coverage does not change throughout the deformation,
The configuration of an ideal flexible polymer with Kuhn length b in the bulk phase is the random walk described by the diffusion equation
Here the Green's function, G(r, r 0 ; n) represents the probability density of the chain which starts from the position r 0 and arrives at r in n steps. Solving the diffusion equation for the boundary condition, G = 0, on the surface (condition of non-permeability), we obtain the Green's function for spherical geometry [12] as
where
2 ] /8rr 0 and P n is the Legendre's polynomial of order n. The approximation of isotropic distribution used above will be increasingly more valid for the larger angle θ c approaching π, the range of our concern here. Consider all the possible conformational domains consisting of the ideal random walk that underlies eq. (2). The random walk that starts from a point on the surface and ends up anywhere outside the sphere bounded by the angle range 0 < θ < θ c constitutes a domain, called a tail. The walk starting and ending at the surface is called a loop, while the segments adsorbed on the surface constitute a surface train. When penetration into the membrane is not allowed, polymer conformation is composed of these three kinds of domains, tail, loop, and surface train. Choosing r 0 to be anywhere above the surface within the radial distance r 0 = R + l 0 where l 0 R, and using eq. (1), the statistical weight Q T for a tail of n segments is obtained by integrating the Green's function ( 1 ):
Similarily, a loop of n segments has the statistical weight Q L ,
where r ranges over the same region as that of r 0 . A surface train of n segments has the statistical weight Q S (n) = I a (σe −β ) n , where < 0 is the segmental binding energy, σ = exp[∆s/k B ] with ∆s being the segmental entropic reduction by adsorption, and I a is the nucleation parameter for a surface train [13] . We neglect the dependence of and σ on the membrane curvature.
Allowing the segmental exchanges among the three domains, we use the grand canonical partition functions which, respectively, are
Here, z = exp[µ/k B T ] is the segmental fugacity related to the chemical potential outside the membrane and g m (z) is the polylogarithmic function of order m. The total partition function is given by summing over all possible conformations constrained by chain connectivity [11] ,
To describe the phase transitions, we identify in the thermodynamic limit (N → ∞) the singularity of Q(z), which occurs via the limit Q T → ∞ or Q S Q L → 1. These cases correspond to two branches of the fugacity, z = 1 and z < 1, the solution of Q S Q L (z) = 1 [14] . To characterize the polymer conformation in each branch, let us consider the order parameter, i.e., the segmental fractions of each domain defined as
, where N i with i = T, L, S denotes the average segmental number in the three different types of domains considered. One finds that two branches of the fugacity respectively describe the desorbed and adsorbed phases as indicated below:
( 1 ) By the integration over the domain, we neglect the edge effect of the planar surface on polymer conformations, which is expected to be minor.
With the critical temperature
is the average number of loops and n i = ∂ ln Q i /∂ ln z is the average number of segments in each domain.
In the adsorbed phase (T < T c ), with which we concern ourselves below, the Helmholtz free energy F p of the polymer is given by
Here, the first term on the right-hand side stands for the entropic contribution from loops, while the second term accounts for the entropy from the segments in the loops. The last term represents the contribution from the free energy of adsorbed segments. On the basis of direct numerical calculations of each term in eq. (12), for a large θ c (π/2 < θ c < π) with T fixed, N L , N S , and n L are shown to be nearly constant with respect to θ c , implying that the configuration of the adsorbed polymer is hardly affected as protrusion proceeds (at large θ c ).
On the other hand, the elastic bending energy for fluid membrane is described by the Helfrich Hamiltonian
where κ (κ G ) denotes the (Gaussian) bending rigidity, and R 1 , R 2 are the principal radii of curvature. For the deformed geometry considered ( fig. 1) , we obtain the bending energy as given above, without having to consider the Gaussian curvature energy because there is no topological change. Minimizing the total free energy F(θ c ) = ∆E m + F p by varying θ c at a fixed T , we obtain the equilibrium angular boundary satisfying
and the condition of budding transition,
which indicates that, for a membrane with κ/k B T 1, a lot of loops should exist. In order to provide the sufficient condition for the budding transition, we should consider the excess polymer free energy, relative to F 0 p , the free energy of the polymer adsorbed on the planar membrane. The F 0 p cannot be obtained by simply extrapolating eq. (12) to the limit θ c → 0, where eq. (3) fails to be valid. In the limit the polymer remains adsorbed within the flat disk of a finite area πa 2 , which is assumed to be identical to 2πR 2 (1 − cos θ c ) so that the polymer-covered area does not change as θ c varies. The partition function of a loop of n segments for this case is given by integrating the Green function, G(r, r 0 ; n) = 3/2πnb
2 , over the ranges of r and r 0 , respectively within the disk of radius ρ = a and thickness z = l 0 in cylindrical coordinate,
We proceed as before by using the above partition function to calculate the free energy F 0 p :
where the superscript 0 refers to the planar surface. Since the excess polymer free energy ∆F p = F p − F 0 p approaches negative infinity in the limit a → 0, it can be negative for a broad range of a with N If a < a c  where a c is a critical radius that depends upon the variables κ/(k B T N L ) , n L b 2 , and θ c , then the total excess free energy ∆F = ∆E m + ∆F p can be negative and the protrusion can take place. As the condition of excess free energy minimum is still given by eq. (14), the budding transition (eq. (15)) can occur when
i.e., if the adsorbed polymer has highly concentrated and overlapping loops on the initial flat surface.
In terms of the polymer-covered area A = 2πR 2 (1 − cos θ c ), eq. (14) yields the induced spontaneous curvature
which shows again that the loop concentration as well as the ratio of bending rigidity to thermal energy are the key determinants. It should be compared with the result for the long-wavelength protrusion induced by an anchored chain (tail), 1/R ∼ k B T /κA 1/2 , which Lipowsky obtained by a scaling argument [5] . The difference lies in that they examined the small curvature induced by a polymer anchorage whereas we have focused on the large curvature induced by many polymer loops.
To demonstrate the further utility of our grand canonical ensemble approach, we consider the interplay of conformational domains. Depicted in fig. 2 is the number of loops as a function of temperature scaled in units of | |. It clearly shows that the budding is feasible only within the temperature range where the polymer is weakly adsorbed with the loop formation dominant over other conformations. For T just a little below T c (A in fig. 2 ), most segments constitute a few large loops. As temperature decreases, the size of loop decreases while the number of loops increase until a maximum is reached (B in fig. 2 ). The conformation of surface trains becomes eventually dominant in strongly adsorbed state (C in fig. 2 ). The figures on the right side schematically illustrates the conformational changes of polymer and membrane induced by lowering temperature, with the polymer adsorbed throughout.
Until now, we have considered a homopolymer model, where the segments are allowed to participate interchangeably in either loop formation or surface adsorption. The experiments of Simon et al. [10] , however, were performed with amphiphilic polymers synthetically composed of two parts; hydrophobic anchors and the hydrophilic loops that interconnect them. In this case, both the number of segments in each conformational domain and the number of the domains are made to be fixed. Aside from larger anchor energy assigned to , the anchored segments are not distinct from the adsorbed ones in our description. With the grand canonical partition functions replaced by the canonical partition functions of fixed domains, the polymer free energy and thus the budding condition should remain the same in thermodynamic limit. Therefore, the induced budding transition which is attributed to the expanded-collapsed transition of polymer conformation [10] can be easily explained on the basis of either eq. (18) or eq. (19). When the anchors are aggregated (collapsed), the loop concentration enhances dramatically, yielding the pronounced budding on the polymercollapsed region of the membrane. Futhermore, the dependence of the induced curvature on bending rigidity shown in eq. (19) is in accord with the experiment [10] . While long-wavelength deformation is displayed in the thick-walled vesicle, small buds appear on the thin-walled vesicle. In summary, we have studied the vesicular shape change induced by a long, flexible polymer and its conformational transition using the composite model of spherical membrane/flexible homopolymer. The chain conformation playing a central role at large membrane protrusion is the loops since their entropy is significantly larger on curved surface than on flat one. The budding transition can be initiated by a sufficiently high concentration of loops for either adsorbed or anchored polymers. ***
